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NEURAL NETWORKS FOR LOCALIZED APPROXIMATION

C. K. CHUI, XIN LI, AND H. N. MHASKAR

ABSTRACT. We prove that feedforward artificial neural networks with a single
hidden layer and an ideal sigmoidal response function cannot provide localized
approximation in a Euclidean space of dimension higher than one. We also
show that networks with two hidden layers can be designed to provide localized
approximation. Since wavelet bases are most effective for local approximation,
we give a discussion of the implementation of spline wavelets using multilayered
networks where the response function is a sigmoidal function of order at least
two.

1. INTRODUCTION

There has been much study in recent years on the question of using neural
networks for approximating real-valued functions of several real variables. In
particular, Cybenko [8] and Hornik, Stinchcombe, and White [11] have proved
that it is possible to use a neural network with one hidden layer and a sigmoidal
activation function to approximate continuous functions on any compact sub-
set of a Euclidean space of an arbitrary dimension. In addition, Chui and Li
[5], Mhaskar and Micchelli [16], Ito [13, 14], and Barron [1] also obtained such
density theorems in various more or less general contexts, using different ap-
proaches, as well as studied the complexity problem in some detail. In [15], it
is shown that a neural network with multiple hidden layers and a generalized
sigmoidal activation function can be constructed to achieve the optimal rate
of approximation for smooth nonanalytic functions and for analytic functions,
a near-geometric rate independent of the dimensions of the input space. The
question as to whether the same can be achieved with a single hidden layer is
still open.

The objective of this paper is to investigate the possibility of constructing
networks suitable for localized approximation, i.e., a network with the property
that if the target function is modified only on a small subset of the Euclidean
space, then only a few neurons, rather than the entire network, need to be re-
trained. The precise definitions will be given in the next section. We prove that
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if the dimension of the input space is greater than one, then such a network with
one hidden layer and a Heaviside activation function cannot be constructed. In
contrast, we also show that a network with two or more hidden layers can always
be constructed to accomplish the task. To realize an effective local approximat-
ing network, we construct the Chui-Wang spline wavelets [7] using multilayered
networks with a generalized sigmoidal activation function.

As in [15], our proofs will be constructive and the “training algorithm” will
be noniterative. Hence, the usual questions about stability, settling into local
minima, etc., which usually need to be discussed in connection with the more
popular backpropagation networks, simply do not arise.

2. LOCALIZED APPROXIMATION

In the sequel, let s > 2 be any integer and Q := [-1, 1]° be the standard
cube in R*. Intuitively, a neural network can be said to provide localized
approximation on Q, if Q can be divided into a number of subregions so that
only a small number of neurons are responsible for providing approximation
on each subregion. Thus, if the function to be synthesized is modified only
on a small part of Q, one needs only to retrain the small number of neurons
responsible for this part, rather than retraining the entire network.

To make this idea more precise, we need some terminology. For x, y € R,
x -y denotes the inner product between x and y, and |x —y| the Euclidean
distance between x and y. In using measure-theoretic terms such as “almost
everywhere”, “measurable”, and so on, we refer to the s-dimensional Lebesgue
measure, which will be denoted by A. Hence, if 4 is a measurable subset of
R*,and 1 < p < oo, the L? norm of a measurable function g: 4 — R is given
by

>(2'1) lgllp. 4:= (f4lg@)P d'l(t))l/p if 1 <p<oo,
" esssup 4 |g(t)| if p = oo.

The class LP(A) then consists of measurable functions g on A for which
llgllp, 4 < oo, where two functions are identified if they are equal almost ev-
erywhere. Also, the class C(A) consists of continuous functions on A which
vanish at infinity. The symbol y, denotes the characteristic function of A4,
i.e., the function that takes on the value 1 on 4 and zero outside A.

Let o: R — R be any function. The output of a feedforward neural network
with n neurons, arranged in a single hidden layer and with response function
o, is of the form Y ;_, cxa (Wi -x+ by) . The class of all such functions will be
denoted by I, ; s ,. Next, we formally define inductively the class Il, ; ;s »
of all possible outputs of a fully connected feedforward network with » neu-
rons, each with response function ¢, arranged in at most / hidden layers and
receiving an input from R°. The class I, ; 5 , is already defined. Suppose
that Il, , s . is defined for all integers n > 1 and m < /. A typical net-
work with [ layers is constructed as follows. Let there be p neurons in the
/th layer. Each of these receives a different number of inputs. Suppose that
for each k, 1 < k < p, the output of n; subnetworks, {P; k};?; | » is input
to the kth neuron, A typical member of II, ; ; , is therefore of the form
Yo k0 (X5 wy kP k() + by), where, for j=1,...,m, k=1,...,p,
the quantities ¢;, w; x, by €R, P; y €Il, , 11 5, for some integers n; .
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Here, we require that the total number of neurons in the circuit is at most »n.
We do not rule out the possibility that the output of some subnetwork may be
input to more than one neuron.

In defining the notion of localized approximation, we are motivated by the
approximation by piecewise constants. The simplest way to approximate an
f: @ — R by piecewise constants is to divide Q uniformly into smaller cubes,
and define the constant value of the approximation on each cube C to be the
value of f at the center of C. Hence, such an approximation can be expressed
in the form Y acxc . This simple approximation scheme is obviously localized
in the sense that if the target function is modified on a part of Q, only the
terms in the sum corresponding to the cubes overlapping with this part need
to be modified. It is now seen that the problem of localized approximation
can be reduced to the problem of approximating the characteristic function
of each cube by neural networks of a fixed size, independent of the degree of
approximation desired. If networks with a fixed number m of neurons can be
constructed to approximate the characteristic function of each cube, then this
simple-minded but clearly localized approximation by piecewise constants will
lead to a localized approximation by neural networks. We now observe that the
class II, ; s , is closed under the transformation x — wx for any w > 0.
Therefore, approximating the characteristic function of any cube is equivalent
to approximating the characteristic function of Q. Hence, we may formulate
the notion of localized approximation by a network with / hidden layers as
follows.

Definition 2.1. Let / > 1 be an integer. A neural network with / hidden layers
and response function o is said to provide localized approximation if there
exists an integer m > 1 and a sequence {P,} CIl,, ; s , such that

(2.2) Jim ||xo = Palli,x =0
for every compact set K C R*.

Our first goal is to show that a network with one hidden layer does not nec-
essarily yield localized approximation.

Theorem 2.2. Let
1 ifx>0,

(2.3) o(x):= { 0 ifx<o0.

Then a neural network with one hidden layer and response function o does not
provide localized approximation.

The proof of Theorem 2.2 will consist of an elaborate compactness argument
and will actually show that it is not possible to approximate any nontrivial
function locally using a network with a single hidden layer and the response
function (2.3). Therefore, the next question which presents itself is whether it
is possible to achieve local approximation using two hidden layers. Using the
ideas in [15], we prove that such an approximation is indeed possible, and we
also give a rate of approximation.

In order to measure the rate of approximation, we introduce the notion of
modulus of continuity. Let I := []j_,[a,,b;] and f € LP(I) for some p
with 1 < p < 0o, where if p = oo then it is understood that f € C(I). For
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h:= (A1, ..., b)), where each hV) >0, welet Iy :=[[}_,[a;+hV), b;j—hD)]
and define, for § > 0,

(2.4) o(LP(I),1; f,0) = max IfC+h) = fOllp,n -

0<hU)<S, 1<j<s
The following theorem gives the localized analogue of Theorem 3.4 in [15].
Theorem 2.3. Suppose that o: R — R is a measurable function such that

(2.5a) xliglooa(x) =0, xlim o(x)=1
and
(2.5b) lo(x)| <M, x €R,

where M < 2s/(2s — 1) is a constant. Then a neural network with two hidden
layers and response function o provides localized approximation. Furthermore,
let 1<p<oo and f € LP(Q). For each integer n > 1 and each multi-integer
me {0, 1,...,n—1}° wedefine the cubes Rm,n, Sm,n by

s
Ru,n:= [JI-1+mP/n, 14 (mY + 1)/n],
(2.6) o
Sm.n = [[[-1+ (MY = 1)/n, =1+ (mY) +2)/n]n Q
j=1
and set N := N, := (25 + 1)n*. Then there exists a function G,(f) €Iy 2 5,0
such that

@D W= Gul o hen S 20 (L (Sm)s Smni 1 2 ) -

We will actually construct the operators G, explicitly in the course of the
proof. Moreover, the approximation on Ry, , will be achieved by using at most
25 + 1 neurons.

3. PROOFS OF THE THEOREMS IN §2

Until the end of the proof of Theorem 2.2, we will use the notation g to
denote only the ideal response function defined in (2.3) and II,, to denote
I, 15,6 - It is then obvious that for any w € R° and b € R we have

(3.1 ow-x+b)+o((-w)-x—b)—0(0-x+1)=0 ae.inR’.
Therefore, we first seek a canonical representation for elements on II,. We
say that an expression of the form Y ;_, cx0(Wx - X+ by) is in reduced form if

(i) the hyperspaces w; -x + b = 0 are all distinct,
(i) |wel2+b2=1,k=1,...,m,and
(iii) the first nonzero component of the (s+ 1)-dimensional vector (wg, by)
is positive.

Proposition 3.1. Each P € Il,, admits almost everywhere a unique expression
in reduced form.

Proof. Let

P(x) = Xm:cka(wk X+ by).
k=1
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Since o(cx) = g(x) for any ¢ > 0 and ¢(0) = o(1), we may assume that at
most one of the wy’s is zero and that the corresponding by is equal to 1. With

this convention, we may also assume that |w,|>+b2 =1 for k =1,..., m.
If any two of the hyperspaces w; - x + b, = 0 coincide, we may rearrange the
indices and assume that w; = —w, and b; = —b,. If w; =0, then w, =0,

and our convention implies that b; = b, = 1. Therefore, w; # 0, and we let
the first nonzero component of w; be positive. Then, using (3.1), we get, for
almost all x e RS,
c10(wy - X+ b)) + c20(Wa - X+ b))
¢ ifw -x+b>0,
{6'2 ifwy-x+b; <0
=c00-x+ 1)+ (c; — c2)o(wy - x+ by).

(3.2) -

Thus, any P € I, can be expressed in reduced form.
To prove the uniqueness of such an expression, it is sufficient to show that if

2m
(3.3) 0x) =Y co(wi-x+b)=c ae inR
k=1
for some constant ¢, where none of the vectors w; is zero and the expression
on the left-hand side of (3.3) is in reduced form, then ¢; =--- = ¢, =¢c=0.
If this were not true, then we may assume that none of the constants ¢, is zero.
We shall show that one of them has to be zero, and thus arrive at a contradiction.
It is easy to see that Q is almost everywhere equal to a piecewise constant

function. To describe this function more precisely, we define the vector function
S=(SW, ..., SCM) by the formula

(3.4) SU(x) =a(w;-x+b;), xeR, j=1,...,2m.

For x, y € R*, we say that x ~ y if S(x) = S(y). The equivalence relation
~ partitions R® into finitely many polytopic regions P;, ..., Py, each having
positive measure and they may intersect only at their boundaries. Each region
Py can be identified with the Boolean vector S; = (S,((l) s eens S,(cz’")) = S(xx),

where the choice of x; € P, is arbitrary. The representation of the function Q
as a piecewise constant is then the following:

(3.5) é(x)= ch ae.inP., k=1,..., M.

sy)=1
Since the hyperspaces wy -x+ b, = 0 are all nondegenerate and distinct, we see,
in particular, that the hyperspace Wy, -X+ b, = 0 is a part of the boundary of
two regions, say P, and P; such that S,((’) = S}’ ) foreach j=1,...,2m—1
but S =0 and S*™ =1.Let £ :={j:1<j<2m—1, SY =1}. From
(3.5), we also see that

EC]‘ a.e. in P,
jes

ch +cyn  ae.in Py
jes

(3.6) Q(x) =



612 C. K. CHUI, XIN LI, AND H. N. MHASKAR

In view of (3.3), we have ¢, = 0. This contradicts our assumption that none of
the coefficients ¢ is zero, thereby completing the proof of the proposition. O

When we consider sequences in Il,,, it may happen that each term of the
sequence is expressed in reduced form, but the obvious limiting expression is
no longer in reduced form. This leads to the following definition. Let R,(x) =
S he1 Ck nO(W o X+by ) €I, for n=1,2,.... We say that {R,} is in
asymptotically reduced form if

(i) each R, is in reduced form,
(i) limy oo Wi n =W, im0 by , =by for k=1,..., m, and
(iii) the hyperspaces wy - x + by = 0 are all distinct.

It is not clear that every sequence in IT,, , where the parameters form conver-
gent sequences, can be rewritten in asymptotically reduced form. Nevertheless,
the following result shows that this almost holds.

Proposition 3.2. Let Py(X) =Y 1o Ck . n0(W n-X+bg ) € My, limp_oo Wi, =
W and lim, by ,=by for k=1,..., m. Then P, can be expressed almost
everywhere as P, = R, + Q,, where {R,} C I, is in asymptotically reduced
form, {Q,} c I, and

(3.7) lim A({x € K: Qs(x) #0}) =0

for any compact set K .

Proof. By a suitable rearrangement of terms, we may assume that among the
hyperspaces H: wy -x+b, =0, 1 <k < m, the hyperspaces H;, ..., H; are
distinct. For the sake of concreteness, we assume that w; = 0 and w;, # 0 for
k=2,...,1. The proof is only slightly different, and even simpler, if there is
no degenerate hyperspace. Let

A={j:l+1<j<m, wj=0}
and
Se={j:l+1<j<m, wj=—-w, bj=-b}, k=2,...,1.

We may then write
(3.8)

P,,(X) = (Cl,n + Z Cj,n)

JEA

+Z (ck,na(wk,n 'x+bk,n)+ (Z Cj,n) U(—wk,n 'x_bk,n))

i
k=2 JE€ES
!

+ 3 ¢in(O(Wj n X+ bj n) — 0 (=Wie n X = bi ).
k=2 j€%
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We define
1
Ry (x) := (Cl,n + Z Cj,n +Z Z cjm) c(0-x+1)
(3'9) 1 JEA k=2 jeA
+Z Ci.n - Z Ci,n a(wk,n 'x+bk,n)
k=2 JEHA
and

i
(3.10) On(x) == Z Z Cj,n(0(Wj nX+bj n)—0(~Wi n-X— b n)).

k=2 je

Then by (3.1) we see that P, = R, + Q, almost everywhere. From the con-
struction, it is clear that {R,} is in asymptotically reduced form. Let

Ei p ={xeR°:0(Wj n-X+bjn)—0(—Wg n-Xx—bg ,)#0}.

If 2<k <! and j € A4, then lim,_,oocW; , = —W; = —lim,_,o W, , and
lim,_o0 bj n = —by = —lim,_, by ,. Therefore, for any compact set K, it is
clear that lim,_,. A(E; y NK) =0 for k =2,...,/ and j € % . Hence, it
follows that (3.7) holds. O

The next proposition describes a compactness property for the class I1,, .

Proposition 3.3. Let P, € Il,, be such that for every compact set K C R*,

(3.11) limsup||Pulli, xk < 1.

n—oo
Then there exists a P € Il,, and a subsequence A of integers such that
(3.12) lim P,(x)=P(x) ae inR’.

n—oo,n€A

Proof. We write each P, in reduced form, say

m
(3.13) Pa(X) =)k nO(Wic,n - X+ bic ).

k=1

Then there exists a subsequence A; of integers, w;, € R*, and b, € R such
that

(3.14) lim Wi np = Wi, lim bk,,=bk, k=1,...,m.
n—oo,n€A; ’ n—oo,n€A;

For each n € A, we write P, = R, + Q, , where

m
(3.15) R, :=Zak,,,a(vk,,,-x+dk,,,),

k=1
{R,} is in asymptotically reduced form, and Q, satisfies (3.7). Then we have,
for a subsequence A; of A;,

(3.16) lim @,(x)=0 ae.inR’.

n—oo,n€A;
We recall that there exist v, € R®* and d; € R such that

(317) lim Vie,on = Vi lim dk,n=dk, k=1,...,m.
n—oo,n€A; n—oo ,n€A; .
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We show that for some subsequence A of A, the sequences {ay ,}nea con-
verge. In view of (3.16), this will complete the proof. With

A, = max |a
n lgkgml k,nla

it suffices to show that
(3.18) liminf A4, < .

n—oo,n€A;
If possible, suppose that (3.18) is false. Let ¢ > 0 and K be a compact subset
of R®, both arbitrarily given. We may assume that A(K) > &. In view of
(3.7), there exists a set £ C K with A(E) < ¢/2 such that P,(x) = R,(x) for
x € K\E and all sufficiently large n € A,. Therefore, (3.11) implies that
(3.19) limsup |[|Rnll;, x\e < 1.
n—»oo,nGAz
Since lim,_, nea, 4n = o0, we deduce that the sequence {ﬁn = A7 'Ru}pen,
converges to zero in measure on every compact subset of R*. In particular,
there is a subsequence A3 of A, such that
(3.20) lim R,(x)=0 ae.inR.
n—»oo,nGA;
In view of the definition of A, , there is a subsequence A; of A3 and num-
bers a; € R such that at least one of the aj’s has absolute value 1 and
lim,, o0 nea,(@k,n/An) = a for 1 <k <m. We set

m
R(x) := Z ao(vi - X+ dy).
k=1
Since {R,},ea, isin asymptotically reduced form, R is in reduced form. More-
over, since at least one of the a;’s is nonzero, R is not identically equal to zero.
Since lim,_,o; nea, Rn(x) = R(x) for almost all x € R, this contradicts with
(3.20). This proves (3.18), and the proof is complete. O

Theorem 2.2 is quite simple to prove by using Proposition 3.3. We recall that
a function ¢: R®* — R is called a test function if ¢ is infinitely differentiable
on R* and every derivative ¥ of ¢ (of arbitrary order) satisfies the condition
SuPyegs [W(X)|(1 + |X|)¥ < oo for any integer N > 0. The class & of all
test functions forms a locally convex space with a suitable topology [18]. A
continuous linear functional on & is called a (tempered) distribution. We refer
the reader to [18] for a detailed exposition of the properties of test functions
and distributions. Here, we only recall that the Fourier transform of a test
function ¢ is defined by

H(x) = (Zn)‘s/z/ exp(—ix - t)p(t) dA(t), x €R’,
RS

and that of a distribution u by
() = u(d), peZ.

Moreover, if u and v are distributions such that # =7, then u =v.

Proof of Theorem 2.2. If possible, let m > 1 be a fixed integer and {P,} C
I1,, be a sequence which satisfies (2.2) for every compact set K C R°. Then
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Proposition 3.3 implies that there exists a P € Il,, and a subsequence A of
integers such that P(x) = lim,_,, ,ep Pn(X) almost everywhere. It follows that
Xo(x) = P(x) almost everywhere. Given any finite set of hyperspaces wy - x +
b, = 0, it is easy to construct a nonnegative test function that vanishes on all of
them. Therefore, a comparison of the Fourier transforms of the distributions
Xo and P shows that y,(x) = P(x) cannot hold almost everywhere. (A more
elementary proof of the fact that yo(x) # P(x) for any P € Il,, is given by
Blum and Liin [2].) O

Our proof of Theorem 2.2 depends very heavily on the properties of the
ideal (Heaviside) sigmoidal function. We believe, however, that the same result
still holds for any other sigmoidal function which is of bounded variation. The
research on this problem is postponed to a later date.

Proof of Theorem 2.3. Let ¢ >0 and L > 2. We construct a network N, , 1
with 2s + 1 neurons arranged in two hidden layers such that

(3.21) lixe = Ne.p.Lllp, 0. < ¢,

where Qr := [-L, L}*. Then the sequence {Ni/, 1 .} C Ilpi1,2,5,0 Will
satisfy (2.2) for every compact set K C R*. We set

_2s—(2s-1)M . 1 3
T T2+ D) C"”( 2)(M ),
ep
- S22s+2(M+ 1)p
and find positive constants 4 and B such that

(3.22)

lo(x)—1|<n if x> 4,
-1 P/2(2L))VP  if x > B,
(3.23) lo(x) — 1] < (¢7/2(2L)*) if x >
lo(x)| <n if x<-4,
lo(x)| < (7/2(2L)%)'* if x<-B.

In (3.23), the constant A is fixed depending only on ¢ and s, and the constant
B depends upon L and & as well. Here, we assume that & is so small that
0 < 1. We define

4B s A
(3.24) .
+Z ( (l—x“) c]}

If x€[-1+6, 1-6), thenforeach /, 1 </ <s,wehave (4/5)(1xx"V) > 4,
and we deduce from (3.23) that

> A > A 25— (2s— )M
4 0 A40_,0 oy B DM
E 6(6(1+x ))+E 0(6(1 b ))225‘ 2sm=C+ ) ,

I=1 I=1
and consequently that

4 1/p
(3.25) |Ne,p,L(x)—1|g(m) ,  Xe[-1+4,1-0F.
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Next, suppose that x ¢ [-1 —d,1+ d)°. Then among the 2s numbers
a((4/8)(1 + x)) and a((4/8)(1 —xD)), 1 <1 < s, at least one is less
than n, while the rest do not exceed M. So, for x ¢ [-1 -4, 1 +J)°, we
have

N

Za(§(1+x(1 )+Z ( (1—x® )<n+(2s M =c-2 —(22—1)M

I=1
and consequently,

4 1/p 5 s
326 Npals (zap) - X #I-1-8, 14T,
If E:=[-1-0,1+dP\[-1+4J,1-4], then (3.25) and (3.26) imply that
(3:27) IXe = Ne.p, 2l gz < 2°/2-

Also, since A(E) < 2%*156 and |xo(x) — N;,L(x)| < (M + 1) for all x € R®,
we have, from (3.22), that

(3.28) ixo = Ne,p,Llly £ < €°/2.

Now, the estimate (3.21) follows from (3.27) and (3.28).
Next, we write Z, :={0, ..., n—1}. Given f € LP(Q), we set

(3.29a) am p =1 fdatt), meZ,
Rm,n
and
(3.29b) Su(f2 %)= am nXRa,(X) = D Gm nX(2R(X —Cm,n)),
mezZ; meZ;

where the vectors ¢y, are defined by

; 2mU) 4+ 1
(3.30) =1+ ——

It is then easy to verify that

(3.31) ||f—s,,(f,-)||,,,R__n5w<LP(S,..,,,),S..,,,,;f, %) meZs.

If f = 0 almost everywhere on @, then we set G,(f, x) = 0, and (2.7) is
trivial. Therefore, let us only consider the case ||f||, o # 0. With

e min O San) Suni S )
mez 17 .o

we define
(332) Gn(f, X) = Z am,nNe,p,4n(2n(x - Cm,n)) .

meZ;

By using (3.21) and (3.31), only an easy computation is needed to verify
(2.7). O
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4. IMPLEMENTATION OF SPLINE WAVELETS

In this section, we consider the approximation of a spline function of higher
order using a neural network with a sigmoidal function of higher order as its
activation function. This will be applied to an implementation of the compactly
supported spline-wavelets introduced by Chui and Wang [7].

We start by recalling the definition of the (cardinal) B-splines in the univari-
ate case. Let Ny := xpo,1]. Then the (cardinal) B-spline of order m is defined
inductively by the formula '

1
(4.1) Nm(x):=/0 Npoi(x—0)dt, m=2,3,....

Some of the well-known properties of B-splines are as follows (cf. [19]). The B-
spline N,, is an (m—2)-times continuously differentiable nonnegative function
which is identically equal to 0 outside of the interval [0, m]. On each of the
subintervals [k, k+1], 0<k <m-1, N, is a polynomial of degree at most
m — 1. At any point x € R\Z, there are exactly m — 1 integers k such that
Nu(x — k) # 0. The sum of all these functions which are nonzero at x is 1.
Thus, the B-splines provide a very useful tool for localized approximation.

In the multivariate setting, the simplest analogue of the B-spline is the tensor-
product B-spline. For each integer m > 1 and x = (x(U), ..., x®)) € R*, this
is defined by the formula

(4.2) N5, (x) := ﬁ Np(x1)).
=1

In this section, we demonstrate that a tensor-product B-spline N3, can be
approximated arbitrarily closely using a neural network whose activation func-
tion is a sigmoidal function of order k > 2 (cf. [16]), the size of the network
depending only on k£ and m, and not on the degree of accuracy.

Definition 4.1. Let ¢: R — R be a continuous function and k > 0 be an
integer. We say that o is a sigmoidal function of order k if each of the
following conditions is satisfied:

. o(x) . o(x)
(4.32) Ao =0 limme =1
(4.3b) lo(x)| < K(1+x)*,  x€R,

where K > 1 is a constant.

In [16], a sigmoidal function of order k is used to obtain specific networks
for approximating an arbitrary continuous function. In the univariate case, the
rates obtained in [16] are optimal and the approximation is local. In [15], a
multilayered network was constructed to give a localized approximation with
optimal rates using such functions. The following theorem is an extension of
the ideas in [15].

Theorem 4.2. Let ¢ >0 and m >0, k > 2 be integers. We let

p := [log(ms —s)/log k]
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(i.e., the smallest integer such that ms — s < kP) and define
p
(4.4) M = 2spmS(k + 1) (k S* S) .

Then there exists a neural network N (x) := JV(k, m,e;X) € Iy ps,o Such
that

(4.5) INS,(x) - N(x)| <&, xel0,1F.

By Theorem 4.2, we may translate many theorems in spline approximation
to the corresponding theorems in approximation using neural networks. Some
applications are already given in [15]. Here, we illustrate the use of Theorem 4.2
in the implementation of the compactly supported spline wavelets. We observe
that the notation which we use in the sequel is different from that used in [7].
In order to discuss these, we denote the (univariate) B-spline N, by ®; and
write

(46) ¢0;k,j :=q)0(2kx—j)s k9.]eZa
and foreach ke Z,
(4‘7) l-/k = span{d)();k,j 5 J € Z} ’

where span 4 denotes the closed (in L2(R)) linear span of A. Then {V;: k €
Z} defines a multiresolution analysis of L?(R) in the sense that
(i) V;( g I/k‘f'l’ kGZ,

(i) dospa(Uyez Vi) = LA(R),

(iii) gez Vi = {0}, and

(iv) foreach k € Z, {¢o.x,;: j € Z} is an unconditional basis for Vj .

We define the wavelet space W to be the orthogonal complement of ¥} in
Vis1 - It is shown in [7] that the space W, can also be written as the linear
span of the translates of a function @, , similar to (4.7), as follows: Let

3m-2

Dy (x):= Y q;Nm(2x - )),

j=0

where
1) & (m . .
g = (2m—)l (I)Nz,,,(]—u ), j=0,..,3m-2,
=0

and define the wavelets at level k by
(4.8) b1k, 5(X) =P (2Xx - j).
Then
(4.9) Wi = span{¢, x ;: j €L}, keZ.

Among the important properties of these wavelets are the following. The wavelet
@, is supported on the interval [0, 2m — 1]. There is a refinement equation

3m-2
(4.10) D,(x)= Y g, Po(2x-j), v=0,1, xeR,
j=0
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where

m

qo’jjzszl(j)’ j=0y--'ama

q1,j*=4q;, j=0,...,3m-2

and g, ,; := 0 if the subscript j is outside the ranges prescribed above. In the
reverse direction, there is a decomposition relation

1
(4.11) Oo2x — ) =3 Y a,®(x - ),

v=0 j€Z

where the constants ay.; and a;.; are determined precisely in [7].

In the multivariate setting, the simplest way to generalize the Chui-Wang
wavelets is again by using tensor products. Thus, we write Z§ := {0, 1}* and
define the wavelets (resp. scaling functions when p = 0) by

s
(4.12) oi(x) = [[®,0(xY), peZ,
=0
where p= (pV, ..., p®)) and
(4.13) ¢;;k,j(x)=d>f,(2"x—j), keZlZ,jeZ’,peZ,.
The refinement and decomposition equations (4.10) and (4.11) take on the form
(4.14) ;;k,j(x) = Z @190 k11, 2541(X) 5 peZ;,
0<1<3m-2
and
(4°15) ¢i);k+1,l(x) = Z Zap;l—2i¢;;k,j(x)a
PEZS jEZ*
where
S s
(4.16) dp,1:= quu),[u) s ap = Hdp(n,m) s
j=1 j=1

and the symbol 0 <1< 3m — 2 means that all components of 1 are between 0
and 3m - 2.

In order to implement the wavelets @; using a neural network, we observe
that at any level k > O only the scaling functions {¢g.,,, j}—m—ls:'SZ"“ are

nonzero on [0, 1}°. We approximate these, using Theorem 4.2, by @g s.x+1,j
and then define ¢, for p € Z5\{0} using (4.14) to yield the networks

®p,z;k,j- The functions ¢, ; are then defined in two different ways. The-
orem 4.2 ensures that the difference between these two implementations can
be made arbitrarily small using only a fixed number of neurons, independent of
the accuracy desired. Therefore, given a wavelet expansion of a function, we
may use the networks so constructed to directly synthesize the function within
essentially the same margin of accuracy as the expansion itself. The total num-
ber of neurons required in the process is proportional to the necessary number
of wavelets. Similarly, we observe that only finitely many terms in (4.15) are
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nonzero if x € [0, 1]*. Therefore, the networks (Z),,,s; k,j can be used to con-
struct ¢3; k+1,j toany degree of accuracy. Again, the total number of neurons
required in this decomposition is proportional to the number of wavelets which
enter into the expansion.

We now turn to the proof of Theorem 4.2.

Proof of Theorem 4.2. This proof proceeds in several steps.
Step 1. Given an integer p > 1, we construct a network P(A4,p,¢; X) €
I, 1,1, with the property that

(4.17) XK —P(4,p,e;x)|<e,  |x[<4.

This is done in [15]; we merely sketch the proof. Letd := (¢/2%*1K)!/k | Find
B > 0 such that

lo(x)| <elx/*, x<-B, lo(x) - x| <elx|*, x>B.
Also, set
(4.18) P(1,1,¢; x):=(6/B)*a(Bx/).

It is easy to verify (cf. [15]) that (4.17) is satisfied with 4 =1 and p=1. If
we set

(4.19) P(A,1,e;x):=4P(1,1, A7 %¢; x/A),

then it is clear that (4.17) is satisfied with p = 1. Since ¢ is uniformly contin-
uous on any compadct interval, we may find # > 0 such that

[P(1,1,¢/2;x)=P(1,1,¢/2;y)|<¢/2,  |x=py|<n, x|,y <2.
We define P(1, [, ¢; x) inductively as follows:
(4.20) P(1,l,e;x):=P(1,1,¢/2; P(1,l-1,7n;x))), 1>2.

It is shown in [15] that P(1, p, €; x) satisfies (4.17) with 4 = 1. We now
define

(4.21) P(A,p,e;x)=A"P(1,p, A ¥ e; x/A4).

Step 11. We define
(4.22) P(A,p,e;x):=P(A,p,e/2;x)+(-1)*P(4,p,e/2; —x).
The network so defined has 2p neurons arranged in p layers and satisfies

(4.23) X —P(4,p,e;x)| <&, |x|<A.
Step I11. We construct a network Q(A4, ¢; x) € Iy, .11, such that
(4.24) x; —Q(4, ¢; x)| <e, x| < 4.
We obtain numbers «,, 0 < u < k, which solve the system of equations
k 1
zauuk“’=z5,,,1, V=O,1,...,k.
u=0
Then it is readily verified that
k
(4.25) Y oux+wk=x, xeR.

u=0
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Let .
szax{ze@.gzﬂl,k},

In view of (4.25), if x >0 or x < —k/N, then

+

k k
Za#Nk—l (x + %)k = %Za,,(Nx + 1)k = Nx, /N = x,.
n=0 u=0

If —k/N < x <0, then the above choice of N implies that

k
Za,,N‘k‘l(x+u/N)’fr < @%Zlaul <¢g/2.

u=0

Thus, we have

(4.26) <e¢/2, x€R.

ia#N"‘1 (x + %)i - Xy

n=0
We now let 7 :=¢(2N*"1'S] |a,,|)‘1 and define

(4.27) (A €; x) ZN" Ya,P(A+1,1,n;x+u/N).

From (4.26) and (4.17), it is easy to see that (4.24) is satisfied.
Step IV. We construct a network

R(Aa ma 8; x) =Rs,k(A’ ma 8; x) € HM,IH'I,S,J
such that

m—1 _ . < ) <
(4.28) [xT R(A,m,¢e;x)|<e, lrgjaé(s|x | <4,

where, with p = [log(ms — s)/log k|, we have used the notation

M = 2ps(k + 1)(kps'”).

Following [6], we choose numbers a; and b; and vectors w; € R® such that

N
(4.29) X"l =3 "ai(wi - x+ b)Y,

i1
where N := (¥'1*). With

S . -1
. () ) — (1P k? .
L= max (,z_l:lw’ |+|b,|) o o= (L) Y jal)

we define

621

N s
(4.30) R(1,m,¢&;x) Z (L+1,p,n;2w§f)g(1,n;x<f>)+b,-).

J=1
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If max;<j<s|x")| <1, then (4.24) implies that

3 w01, 15 x9) + b — [ T w@x + b,
J j
<3S wlot, n; x9) - x| < Ly.
j

We have IZwﬁj)foj) + b;| < L, and hence, for all sufficiently small n >0,

Sw?1, n; x) + b <L+1.
J
Therefore,
% 1%

. 7 :

< kP(L+1)¥-'Lp.
In view of (4.23), we obtain, for 1<i< N,

PlL+1,p,1;53 w01, n; x) + b,
J
(4.32) P

(S wP00, s x+ b)) | <.
J

The estimate (4.28) follows from (4.29), (4.30), (4.31), and (4.32) in the case
when 4 = 1. For the general 4, we define

(4.33) R(A,m,¢e;x):=A™R(1, m, A~™%¢; x/A).

Step V. The quantity N3, (x) can be written as a linear combination of m?*
quantities of the form (x —j)”~!. Hence, Theorem 4.2 follows from Step IV
above. O
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